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Chapter 4

DIVISION AND FACTORIZATION

4.1. Division

DEFINITION. Suppose that a,b € Z and a # 0. Then we say that a divides b, denoted by a | b, if there
exists ¢ € Z such that b = ac. In this case, we also say that a is a divisor of b, or b is a multiple of a.

EXAMPLE 4.1.1. For every a € Z\ {0}, a | a and a | —a.
EXAMPLE 4.1.2. For everya € Z, 1| a and —1 | a.

EXAMPLE 4.1.3. If a|band b | c, then a | ¢. To see this, note that if a | b and b | ¢, then there exist
m,n € Z such that b = am and ¢ = bn, so that ¢ = amn. Clearly mn € Z.

EXAMPLE 4.1.4. Ifa|banda | c, then for every z,y € Z, a | (bx+cy). To see this, note that if a | b and
a | ¢, then there exist m,n € Z such that b = am and ¢ = an, so that bx +cy = amz +any = a(mz+ny).
Clearly mx + ny € Z.

PROPOSITION 4A. Suppose that a € N and b € Z. Then there exist unique q,r € Z such that
b=aqg+7r and 0 <r <a.

PrOOF. We shall first of all show the existence of such numbers ¢, € Z. Consider the set
S={b—as>0:s€Z}.

Then it is easy to see that S is a non-empty subset of N U {0}. It follows from the Well-ordering
principle that S has a smallest element. Let r be the smallest element of S, and let ¢ € Z such that
b—aq =r. Clearly r > 0, so it remains to show that r < a. Suppose on the contrary that » > a. Then
b—alg+1)=(b—aq)—a=r—a>0,s0that b—a(g+1) € S. Clearly b —a(q+ 1) < r, contradicting
that r is the smallest element of S.
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Next we show that such numbers ¢,r € Z are unique. Suppose that b = aq; + r1 = ags + r2 with
0<m <aand0<ry <a. Then alg1 — g2| = |r2 — 1] < a. Since |¢1 — ¢2| € NU {0}, we must have
lg1 — g2| = 0, so that g1 = g2 and so r; = rg also. O

DEFINITION. Suppose that ¢ € N and a > 1. Then we say that a is prime if it has exactly two positive
divisors, namely 1 and a. We also say that a is composite if it is not prime.

REMARK. Note that 1 is neither prime nor composite. There is a good reason for not including 1 as a
prime. See the remark following Proposition 4D.

Throughout this chapter, the symbol p, with or without suffices, denotes a prime.
PROPOSITION 4B. Suppose that a,b € Z, and that p € N is a prime. If p | ab, thenp|a orp|b.

PrOOF. If a =0 or b =0, then the result is trivial. We may also assume, without loss of generality,
that @ > 0 and b > 0. Suppose that pta. Let

S={beN:p|abandptb}.

Clearly it is sufficient to show that S = (). Suppose, on the contrary, that S # (). Then since S C N,
it follows from the Well-ordering principle that S has a smallest element. Let ¢ € N be the smallest
element of S. Then in particular,

p|ac and pfe.

Since p 1 a, we must have ¢ > 1. On the other hand, we must have ¢ < p; for if ¢ > p, then ¢ > p,
and since p | ac, we must have p | a(c — p), so that ¢ — p € S, a contradiction. Hence 1 < ¢ < p. By
Proposition 4A, there exist ¢, € Z such that p = ¢¢ + r and 0 < r < ¢. Since p is a prime, we must
have r > 1, so that 1 < r < ¢. However, ar = ap — acgq, so that p | ar. We now have

p|ar and pir.

But r < c and r € N, contradicting that c is the smallest element of S. ()
Using Proposition 4B a finite number of times, we have

PROPOSITION 4C. Suppose that a,...,ar € Z, and that p € N is a prime. Ifp | ay...a, then
p|a; for somej=1,... k.

4.2. Factorization
We remarked earlier that we do not include 1 as a prime. The following theorem is one justification.

PROPOSITION 4D. (FUNDAMENTAL THEOREM OF ARITHMETIC) Suppose that n € N
and n > 1. Then n is representable as a product of primes, uniquely up to the order of factors.

REMARK. If 1 were to be included as a prime, then we would have to rephrase the Fundamental theorem
of arithmetic to allow for different representations like 6 = 2-3 = 1-2-3. Note also then that the number
of prime factors of 6 would not be unique.

PROOF OF PROPOSITION 4D. We shall first of all show by induction that every integer n > 2 is
representable as a product of primes. Clearly 2 is a product of primes. Assume now that n > 2 and
that every m € N satisfying 2 < m < n is representable as a product of primes. If n is a prime, then
it is obviously representable as a product of primes. If n is not a prime, then there exist ni,ny € N
satisfying 2 < n; < n and 2 < ny < n such that n = niny. By our induction hypothesis, both n; and
ng are representable as products of primes, so that n must be representable as a product of primes.
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Next we shall show uniqueness. Suppose that

(1) n=pi...pr =p)...0%

where p; < ... <p, and p| < ... < p/, are primes. Now p; | p} ...p., so it follows from Proposition 4C
that pq | p; for some j =1,...,s. Since p; and p; are both primes, we must then have p; = p;. On the
other hand, p} | p1...pr, so again it follows from Theorem 4C that p) | p; for some i = 1,...,r, so again

we must have p} = p;. It now follows that p; = p}; > p} = p; > p1, so that p; = pj. It now follows from
(1) that

/

P2 Pr="Dh.. Dl

Repeating this argument a finite number of times, we conclude that r = s and p; = p} for every

i=1,....m. O

Grouping together equal primes, we can reformulate Proposition 4D as follows.
PROPOSITION 4E. Suppose that n € N and n > 1. Then n is representable uniquely in the form
(2) n=p"...p",
where p1 < ... < p, are primes, and where m; € N for every j =1,...,r.

DEFINITION. The representation (2) is called the canonical decomposition of n.

4.3. Greatest Common Divisor

PROPOSITION 4F. Suppose that a,b € N. Then there exists a unique d € N such that
(a) d|a and d|b; and
(b) ifr €N andx|a and x| b, then x| d.

DEFINITION. The number d is called the greatest common divisor (GCD) of a and b, and is denoted
by d = (a, b).

PRrROOF OF PROPOSITION 4F. If a =1 or b =1, then take d = 1. Suppose now that ¢ > 1 and b > 1.
Let p1 < ... < p, be all the distinct prime factors of a and b. Then by Proposition 4E, we can write

(3) a=p*...py and b=pi'...p),

where uq, ..., U, v1,...,v, € NU{0}. Note that in the representations (3), when p; is not a prime factor
of a (resp. b), then the corresponding exponent u; (resp. v;) is zero. Now write

T mind )
(4) d=]]»; .
j=1

Clearly d | a and d | b. Suppose now that z € N and = | ¢ and x | b. Then = = pi* ...p¥", where
0 <wj; <wujand 0 < w; <wjforevery j=1,...,r. Clearly « | d. Finally, note that the representations
(3) are unique in view of Proposition 4E, so that d is uniquely defined. O

Similarly we can prove
PROPOSITION 4G. Suppose that a,b € N. Then there exists a unique m € N such that

(a) a|m and b| m; and
(b) ifreNandal|x andb |z, then m | x.
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DEFINITION. The number m is called the least common multiple (LCM) of @ and b, and is denoted by
m = [a,b].

PROPOSITION 4H. Suppose that a,b € N. Then there exist x,y € Z such that (a,b) = ax + by.

ProoOF. Consider the set
S={ar+by>0:z,y€cZ}

Then it is easy to see that S is a non-empty subset of N. It follows from the Well-ordering principle that
S has a smallest element. Let dy be the smallest element of S, and let zg, yg € Z such that dy = azq+byp.
We shall first show that

(5) do | (ax + by) for every z,y € Z.

Suppose on the contrary that (5) is false. Then there exist x1,31 € Z such that doy { (az1 + by1). By
Proposition 4A, there exist ¢,r € Z such that axy + by; = dpg+r and 1 < r < dy. Then

r = (ax1 + by1) — (azo + byo)q = a(x1 — x0q) + b(y1 — Yoq) € S,

contradicting that dy is the smallest element of S. It now remains to show that dy = (a,b). Taking
x=1and y =0in (5), we clearly have dy | a. Taking x = 0 and y = 1 in (5), we clearly have dy | b.
It follows from Proposition 4F that dy | (a,b). On the other hand, (a,b) | a and (a,b) | b, so that
(a,b) | (azo + byo) = do. It follows that dy = (a,b). O

DEFINITION. We say that the numbers a, b € N are said to be coprime (or relatively prime) if (a,b) = 1.
It follows immediately from Proposition 4H that

PROPOSITION 4J. Suppose that a,b € N are coprime. Then there exist x,y € Z such that ax+by =
1.

Naturally, if we are given two numbers a,b € N, we can follow the proof of Proposition 4F to find
the greatest common divisor (a,b). However, this may be an unpleasant task if the numbers a and b are
large and contain large prime factors. A much easier way is given by the following result.

PROPOSITION 4K. (EUCLID’S ALGORITHM) Suppose that a,b € N, and that a > b. Suppose
further that q1,...,Gn+1 € Z and r1,...,7 € N satisfy 0 <r, <rp_1<...<7r1 <b and

a:bq1+’l"1,
b=rig +ro,

1 =T12q3 + 73,

Th—2 = Tn—1qn + Tn,

Trn—1 = TnGn+1-
Then (a,b) = rp.

ProoFr. We shall first of all prove that

(6) (a,b) = (b,r).

Note that (a,b) | b and (a,d) | (a — bg1) = r1, so that (a,b) | (b,r1). On the other hand, (b,r1) | b and
(b,71) | (bg1 + 1) = a, so that (b,r1) | (a,b). (6) follows. Similarly

(7) (b,r1) = (r1,72) = (r9,73) = ... = (Th_1,7n)-
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Note now that

(3) (Fa1y70) = (nls1,7n) = T

The result follows on combining (6)—(8). O

EXAMPLE 4.3.1. Consider (589,5111). In our notation, we let « = 5111 and b = 589. Then we have

5111 = 589 - 8 4 399,
589 =399 - 1 + 190,
399 =190-2+ 19,
190 =19 - 10.

It follows that (589,5111) = 19. On the other hand,

19 = 399 — 190 - 2
=399 — (589 — 399 -1) - 2
=589 (—2) +399-3
=589 (—2) + (5111 — 589 -8) - 3
= 51113+ 589 - (—26).

It follows that x = —26 and y = 3 satisfy 589z + 5111y = (589,5111).

4.4. An Elementary Property of Primes

There are many consequences of the Fundamental theorem of arithmetic. The following is one which
concerns primes.

PROPOSITION 4L. (EUCLID) There are infinitely many primes.

PROOF. Suppose on the contrary that p; < ... < p, are all the primes. Let n = p;...p, + 1. Then
n € Nand n > 1. It follows from the Fundamental theorem of arithmetic that p; | n for some j =1,...,7,
so that p; | (n —p1...p,) =1, a contradiction. O

PROBLEMS FOR CHAPTER 4

1. Consider the two integers 125 and 962.
a) Write down the prime decomposition of each of the two numbers.
b) Find their greatest common divisor.
¢) Find their least common multiple.

2. Factorize the number 6469693230.

3. Find (210,858). Determine integers = and y such that (210,858) = 210z + 858y. Hence give the
general solution of the equation in integers = and y.

4. Find (182,247). Determine integers x and y such that (182,247) = 182z + 247y. Hence give the
general solution of the equation in integers x and y.
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5.
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It is well-known that every multiple of 2 must end with the digit 0,2,4,6 or 8, and that every
multiple of 5 must end with the digit 0 or 5. Prove the equally well-known rule that a natural
number is a multiple of 3 if and only if the sum of the digits is a multiple of 3 by taking the
following steps. Consider a k-digit natural number z, expressed as a string x1xs ...z, where the
digits 1,29, ...,z € {0,1,2,...,9}.

a) Calculate the value of = in terms of the digits x1, zo, ..., Tk.

b) Calculate the difference between = and the sum of the digits.

¢) Show that this difference is divisible by 3.

d) Complete the proof.

Let x,y,m,n,a,b,c,d € Z satisfy m = ax + by and n = cx + dy with ad — bc = £1. Prove that
(m,n) = (z,y).



