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Chapter 15

NUMBER OF SOLUTIONS
OF A LINEAR EQUATION

15.1. Introduction

ExXAMPLE 15.1.1. Suppose that 5 new academic positions are to be awarded to 4 departments in
the university, with the restriction that no department is to be awarded more than 3 such positions,
and that the Mathematics Department is to be awarded at least 1. We would like to find out in how
many ways this could be achieved. If we denote the departments by M, P,C, E, where M denotes
the Mathematics Department, and denote by uas, up, uc, ug the number of positions awarded to these
departments respectively. Then clearly we must have

(1) upy +up +uc +ug =5.
Furthermore,
(2) up € {1,2,3} and up,uc,ug € {0,1,2,3}.

We therefore need to find the number of solutions of the equation (1), subject to the restriction (2).
In general, we would like to find the number of solutions of an equation of the type
U+ ... +up =n,

where n,k € N are given, and where the variables wuq,...,u; are to assume integer values, subject to
certain given restrictions.
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15.2. Case A — The Simplest Case

Suppose that we are interested in finding the number of solutions of an equation of the type
(3) up + ... +up =n,

where n, k € N are given, and where the variables

(4) uy,. .. ug € {0,1,2,3,.. .}

PROPOSITION 15A. The number of solutions of the equation (3), subject to the restriction (4), is
given by the binomial coefficient
n+k—1
n .

PrROOF. Consider a row of (n + k — 1) + signs as shown in the picture below:

e e e o N o I e
n+k—1

Let us choose n of these 4+ signs and change them to 1’s. Clearly there are exactly (k — 1) + signs
remaining, the same number of + signs as in the equation (3). The new situation is shown in the picture
below:

(5) 1. 14...41 ... 1

For example, the picture
+1111 ++1+ 1114114 ... 41111111 4+ 1111 411
denotes the information
0+44+04+1434+2+...+7+4+2

(note that consecutive + signs indicate an empty block of 1’s in between, and the + sign at the left-hand
end indicates an empty block of 1’s at the left-hand end; similarly a + sign at the right-hand end would
indicate an empty block of 1’s at the right-hand end). It follows that our choice of the n 1’s corresponds
to a solution of the equation (3), subject to the restriction (4). Conversely, any solution of the equation
(3), subject to the restriction (4), can be illustrated by a picture of the type (5), and so corresponds to
a choice of the n 1’s. Hence the number of solutions of the equation (3), subject to the restriction (4),
is equal to the number of ways we can choose n objects out of (n + k — 1). Clearly this is given by the
binomial coefficient indicated. ()

EXAMPLE 15.2.1. The equation uy +...+wu4 = 11, where the variables uy,...,uq € {0,1,2,3,...}, has

11+4-1 14
= = 4
()= () -

solutions.
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15.3. Case B — Inclusion-Exclusion

We next consider the situation when the variables have upper restrictions. Suppose that we are interested
in finding the number of solutions of an equation of the type

(6) Uy +...+up =n,
where n, k € N are given, and where the variables
(7) ule{O,l,...,ml}, Cey ukE{O,l,...,mk}.
Our approach is to first of all relax the upper restrictions in (7), and solve instead the Case A
problem of finding the number of solutions of the equation (6), where the variables

8) u, . up € {0,1,2,3,.. ).

n+k—1
n
solutions. Among these solutions will be some which violate the upper restrictions on the variables
U, ...,ux as given in (7).

By Proposition 15A, this relaxed system has

For every i = 1,...,k, let S; denote the collection of those solutions of (6), subject to the relaxed
restriction (8) but which w; > m;. Then we need to calculate

[S1U...USkl,

the number of solutions which violate the upper restrictions on the variables uq, ..., ux as given in (7).
This can be achieved by using the Inclusion-exclusion principle, but we need to calculate

1S, N...NS;

|
whenever 1 <4y < ... <i; < k. To do this, we need the following simple observation.

PROPOSITION 15B. Suppose thati =1,...,k is chosen and fized. Then the number of solutions
of the equation (6), subject to the restrictions

and
(10) uy € By, ces ui—1 € Bi_1, Uir1 € Bit1, cey uy, € By,

where By,...,B;—1,B;41,...,Bk are all subsets of N U {0}, is equal to the number of solutions of the
equation

(11) u1—l—...—i—ui,l—l—vi—i—uiﬂ—i-...—i-ukzn—(mi—i—l),
subject to the restrictions
(12) v; €{0,1,2,3,...}

and (10).



154 W W L Chen : Discrete Mathematics

PROOF. This is immediate on noting that if we write
u; = v; + (m; + 1),
then the restrictions (9) and (12) are the same. Furthermore, equation (6) becomes
up+ .o F Ui+ (v (mi+ 1) Fuer + .o Fug =n,
which is the same as equation (11). O
By applying Proposition 15B successively on the subscripts i1, ...,7;, we have the following result.
PROPOSITION 15C. Suppose that 1 < iy < ... <i; < k. Then

n(milJrl)...(mijJrl)Jrkl)-

SiN...NS; | =
| ’ ( n—(mi +1)—...—(my, +1)

PrOOF. Note that [S;, N...NS; | is the number of solutions of the equation (6), subject to the
restrictions

(13) u; € {m; +1,m; +2,m; +3,...} whenever ¢ € {i1,...,4;},
and

(14) u; € {0,1,2,3,...} whenever i & {i1,...,4;}.

Now write

i (mi+ 1) ifdie {in, ..., i050,
YT if i {i1,...,0;}.

Then by repeated application of Proposition 15B, we can show that the number of solutions of the
equation (6), subject to the restrictions (13) and (14), is equal to the number of solutions of the equation

(15) vt =n—(my +1) — = (my; + 1),
subject to the restriction
(16) v; €{0,1,2,3,...}.

This is a Case A problem, and it follows from Proposition 15A that the number of solutions of the
equation (15), subject to the restriction (16), is given by

(n—(mil—i—l)—...—(mij+1)—|—k—1>
n—(mg +1)—...—(my, +1) '

This completes the proof. ()

ExAMPLE 15.3.1. Consider the equation

(17) up + ... +ug =11,
where the variables

(18) uy, ... ug € {0,1,2,3}.
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Recall that the equation (17), subject to the restriction

(19) ug,...,uq €{0,1,2,3,...},
has
(11 +4 - 1) _ (14)
11 11
solutions. For every i = 1,...,4, let S; denote the collection of those solutions of (17), subject to the

relaxed restriction (19) but which u; > 3. Then we need to calculate
‘Slu...US4|.

Note that by Proposition 15C,

11-4+4-1 10
il =sal=1sal = 1s:= (M ) = (F)

and

11-844-1 6
|&ﬂ$||&m&||&m&|&m&||&m&||&m&( s ><Q.

Next, note that a similar argument gives

11—-12+4—-1 2
|S1052053|—< 11 —12 >_(—1>.

This is meaningless. However, note that |S; N .Sy N S3| is the number of solutions of the equation
(v1 +4)+ (v2 +4) + (v3+4) +vg =11,
subject to the restriction
v1,v2,v3,04 € {0,1,2,3,...}.
This clearly has no solution. Hence
[S1NSaNS3| =[S NSeN Syl =151 NS5N 84 =1[S2NS3N8, =0.
Similarly
|S1 N SyNS5N Sy =0.

It then follows from the Inclusion-exclusion principle that

4
[S1US, USsU Syl => (-1)" Y |5, n...nS |
j=1 1<i1<...<i; <4
= (I81] + [S2| + |S3] + [S4l)
— (|S1 N Sa] 4+ |S1 N S3| 4+ |S1 NSyl + [S2 N S3| 4+ |S2 NSyl + |S3 1 Sy|)
+(|Slﬂ52ﬂ53| +|Sl ﬂ52ﬂ54| + ‘Sl ﬂSgﬂS4|+ |SQﬁS3ﬂS4|)
— (181N S3 N S5 Sal)

-0E)-GE)



156 ___ W W L Chen : Discrete Mathematics

It now follows that the number of solutions of the equation (17), subject to the restriction (18), is given

() e ()OO0 -

15.4. Case C — A Minor Irritation

We next consider the situation when the variables have non-standard lower restrictions. Suppose that
we are interested in finding the number of solutions of an equation of the type

(20) up+ ... Fug =n,

where n, k € N are given, and where for each 1 =1, ..., k, the variable

(21) u; € 1y,

where

(22) i =A{pi,...,m;} or i ={pi,pi + Lp; +2,...}.

It turns out that we can apply the same idea as in Proposition 15B to reduce the problem to a Case
A problem or a Case B problem. For every i = 1,...,k, write u; = v; +p;, and let J; = {x —p; : x € ; };
in other words, the set 7; is obtained from the set Z; by subtracting p; from every element of Z;. Clearly
(23) T =A{0,...,m; —p;} or J.={0,1,2,...}.
Note also that the equation (20) becomes
(24) v+...tvs=n—p1—...— Pg.
It is easy to see that the number of solutions of the equation (20), subject to the restrictions (21) and
(22), is the same as the number of solutions of the equation (24), subject to the restrictions v; € J; and
(23).
ExAMPLE 15.4.1. Consider the equation
(25) Up 4 .. A ug =11,
where the variables
(26) u; €4{1,2,3} and ugz, ug, us € {0,1,2,3}.
We can write u1 = v1 + 1, ug = vo, uz = vg and ug = v4. Then
(27) v; €40,1,2} and va,vs3,v4 € {0,1,2,3}.
Furthermore, the equation (25) becomes

(28) 1)1—|—...—|—’U4:10.

The number of solutions of the equation (25), subject to the restriction (26), is equal to the number of
solutions of the equation (28), subject to the restriction (27). We therefore have a Case B problem.
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ExAMPLE 15.4.2. Consider the equation

(29) UL+ ...+ ug = 23,

where the variables

(30) ui, U, uz € {1,2,3,4,5,6} and ug,us € {2,3,4,5} and ug € {3,4,5}.

We can write uy =vi + 1, us =vo + 1, ug =v3+ 1, ug = v4 + 2, u5 = v5 + 2 and ug = vg + 3. Then
(31) v1,v9,v3 € {0,1,2,3,4,5} and vg,vs € {0,1,2,3} and ve € {0,1,2}.
Furthermore, the equation (29) becomes

(32) v+ ...+ vg =13.

The number of solutions of the equation (29), subject to the restriction (30), is equal to the number
of solutions of the equation (32), subject to the restriction (31). We therefore have a Case B problem.
Consider first of all the Case A problem, where the upper restrictions on the variables vy,...,vg are

relaxed. By Proposition 15A, the number of solutions of the equation (32), subject to the relaxed
restriction

(33) i, v €{0,1,2,3, ..},

(-

is given by the binomial coefficient

Let
Sy ={(v1,-..,v6) : (32) and (33) hold and v, > 5},
Sy = {(v1,...,v6) : (32) and (33) hold and ve > 5},
Sz ={(v1,...,v6) : (32) and (33) hold and v3 > 5},
Sq = {(v1,...,v6) : (32) and (33) hold and vy > 3},
S5 = {(v1,...,v6) : (32) and (33) hold and vs > 3},
Se = {(v1,...,v6) : (32) and (33) hold and vg > 2}.
Then we need to calculate
|S1U...U Sg|.

Note that by Proposition 15C,

13-6+6—-1 12

si =l =15l = (P 57071 = (7))
13—-4+6-1 14
si=1ss= (P 50T = (%),

Sl = 13-3+4+6-1\ (15
6= 13-3 —\10)
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Also

13-12+6-1 6
|SmSzl—Slﬂ53—|52ﬂS3|_< 13— 12 )_ <1)

13—-10+6—1 8
|sms4|=sm55=|52m54|=|52ms5|=|53ms4=|s3m55|=< ): ( )

13 —-10 3
13-94+6-1 9
|SlmSG|:S2ﬂSGZ|S3ﬂS6|:< ):(>,

13-9 4
13-8+6-1 10
|S4ﬁ55|—( 138 >—<5>,

13-74+6-1 11
|54ﬁ56|55056< 137 >(6>’

and

|S1 N SaNSs| =151 NSNSy =1[51 NS NS5 =151 NS2N Se| =|S1 N S3N 8y
=151 NS3NS5| =51 NS3N S| =151 NSy NS5| =1[S2 N S3N Sy
=159 NS3N S5 =|S2NS3N S| =]S2NS4NS5] =1[S3NS4NS5| =0,

|S1 NSy N S| =151 NS5 N Se| =152 NS4 NSe|=[S2NS5NSg| =|S53N S, N Se

13-13+6-1 5
_ngs5msﬁ_< 13— 13 )‘ (0)’

13-11+6-1 7
|S4ﬂS5ﬂSG|—( 13- 11 >—<2>

Finally, note that

[Si,N...NS;,| =0 whenever 1 < iy <... <14 <6,
[Si;N...NS;,|=0 whenever 1 <11 < ... <15 <6,

and
|S1N...N S| =0.
It follows from the Inclusion-exclusion principle that
6

|51U...US6|:Z(_1)j+1 Z |Si1m"'ﬂsij|

(21 () () o) () (D) 2() () ()

Hence the number of solutions of the equation (29), subject to the restriction (30), is equal to

18
(5 0.0

- () - ((7) ()

“(i0)
(o) =) =)+

() +2(6)) - () - ()
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15.5. Case Z — A Major Irritation
Suppose that we are interested in finding the number of solutions of the equation
UL+ ... Fug =23,
where the variables
ur,ug € {1,3,5,7,9} and usz, uq € {3,6,7,8,9,10,11,12}.
Then it is very difficult and complicated, though possible, to make our methods discussed earlier work.

We therefore need a slightly better approach. We turn to generating functions which we first studied in
Chapter 14.

15.6. The Generating Function Method

Suppose that we are interested in finding the number of solutions of an equation of the type

(34) up + ... +up =n,
where n, k € N are given, and where, for every i = 1,..., k, the variable
(35) u; € By,
where
(36) Bi,...,B, CNU{0}.
For every i = 1,...,k, consider the formal (possibly finite) power series

(37) L =Y xm

u, €B;
corresponding to the variable u; in the equation (34), and consider the product
F(X) = fi(X) ... fu(X) = ( > X“l) ( > X“k> =) ) Xt
u1 €81 uk €Bk u1 €81 uk EB

We now rearrange the right-hand side and sum over all those terms for which u; + ...+ ux = n. Then
we have

[eS) [eS)
fFX)=3 > D > 1| xm.
n=0 U1 EB1,..., up EB n=0 U1 EB1,...,ur EB
ult...fup=n ur+...fFup=n

We have therefore proved the following important result.

PROPOSITION 15D. The number of solutions of the equation (34), subject to the restrictions (35)
and (36), is given by the coefficient of X™ in the formal (possible finite) power series

f(X) = [1(X) .. fi(X),

where, for each i =1,... k, the formal (possibly finite) power series f;(X) is given by (37).
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The main difficulty in this method is to calculate this coefficient.

EXAMPLE 15.6.1. The number of solutions of the equation (29), subject to the restriction (30), is given
by the coefficient of X23 in the formal power series

FX) =X+ X)X+ .+ X)X+ ...+ XP)

X —X"\*/Xx2_- x6\%/x3_ x6
:(1X><1X)<1X>

=X"1-X%%1-X"?(1-X°)(1-X)"5%

or the coefficient of X3 in the formal power series
9(X) = (1 - X1 - X1 -X")1-X)"° =h(X)(1-X)™°,
where

hMX)=(1-X%%1—-X*(1-X?
=(1-3X%4+3X"2 - X¥)(1 -2Xx* + X®)(1 - X?)
=1-X%—-2X*—3X0 +2X" 4+ X® 4+ 3X% +6X10 — X1 4 3X12 —6x13

+ terms with higher powers in X.
It follows that the coefficient of X' in g(X) is given by

1 x coefficient of X% in (1 — X)™% — 1 x coefficient of X' in (1 — X)~©

— 2 x coefficient of X® in (1 — X)~® — 3 x coefficient of X" in (1 — X))
+ 2 x coefficient of X®in (1 — X)7% + 1 x coefficient of X° in (1 — X)~¢
+ 3 x coefficient of X% in (1 — X)~% + 6 x coefficient of X3 in (1 — X)™6
— 1 x coefficient of X2 in (1 — X)~% 4+ 3 x coefficient of X* in (1 — X))
— 6 x coefficient of X in (1 — X)~°.

Using Example 14.3.1, we see that this is equal to

—6 —6 —6 —6 —6 —6
—1)t — (=)t —2(-1)* —3(—1)" 2(—1)° —1)°
(0% (G) — 00 () ~ 2000 () =37 () waene () + 0 (G
—6 —6 —6 —6 —6
a0 () o () - v () s () —eene ()
18 15 14 12 11 10 9 8 7 6 5
= — -2 -3 2 3 6 — 3 -6
(1) = (o) =2(5) =2(7) #2(6) = (5) +2(0) =(5) - () +2() =o(0)
as in Example 15.4.2.
ExaMPLE 15.6.2. The number of solutions of the equation
up + ...+ uy =37,
subject to the restriction
uy,...,us €{1,2,3,4,5,6} and Ug, ..., Uug € {2,3,4,5,6,7,8} and uyo € {5,10,15,...},
is given by the coefficient of X7 in the formal power series

FX)= (X" 4+ .+ XX+ 4+ XX+ X0 X )

= (X_X7>5<X2_X9>4< X > = X1 - X971 - X1 - X)7°(1 - X°)7h;

1-X 1-X 1-— X5
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or the coefficient of X!'° in the formal power series
g(X) = (1= XOP(1 = XT)4(1 = X) (1 = X°)~1 = h(X)(1 - X)~°(1 - X°)1,
where
h(X)=(1-X%51—-Xx")14
=(1-5X%+10X"2 —10X"® +5X% — X30)(1 —4X" +6X" —4X* + X?8)
=1-5X°—4X7+10X" +20X" +6X' — 10X'® — 40X
+ terms with higher powers in X.
It follows that the coefficient of X9 in g(X) is given by
1 x coefficient of X' in (1 — X)™?(1 — X®)~! — 5 x coefficient of X*® in (1 — X)~%(1 — X°)~!
— 4 x coefficient of X'? in (1 — X)™?(1 — X®)™* + 10 x coefficient of X7 in (1 — X)72(1 — X5)~!

+ 20 x coefficient of X° in (1 — X)™2(1 — X®)™! 4 6 x coefficient of X° in (1 — X)~?(1 — X5)~!
— 10 x coefficient of X' in (1 — X)™2(1 — X®)~! — 40 x coefficient of X in (1 — X)™2(1 — X°)~1.
This is equal to

(oo (o) () s () e (V) oo (P ()
(5)

(e () () o (D)o (3 e (P (3)
(e (e () v (e (V) v (e (L))
(e ()e() (D) (7))

e (e () r e (V) (V)

o0 () () = (T (V)

S ()

()
()G~ ()52 )+ () () () ()
() () +5(()+ ) ((2) () -0)-C)

Let us reconsider this same question by using the Inclusion-exclusion principle. In view of Proposition
15B, the problem is similar to the problem of finding the number of solutions of the equation

'Ul+...+1)10:19,

subject to the restrictions vy,...,vs € {0,1,2,3,4,5}, ve,...,v9 € {0,1,2,3,4,5,6} and v19 € {0, 5, 10,
15,...}. Clearly we must have four cases: (I) vi9 = 0; (II) v19 = 5; (III) v19 = 10; and (IV) vy9 = 15.
The number of case (I) solutions is equal to the number of solutions of the equation

’U1+...+’U9:19,
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subject to the restriction
(38) v1,...,05 € {0,1,2,3,4,5} and Vgy .. .,09 € {0,1,2,3,4,5,6}.
Using the Inclusion-exclusion principle, we can show that the number of solutions is given by
(10) =) () +20(7) #20(5) +o(5) - 10() -0 (o)

The number of case (II) solutions is equal to the number of solutions of the equation

v+ ...+ v =14,
subject to the restriction (38). This can be shown to be

(1) ~2(3) 2 (7) r0(z) #200) - )

The number of case (III) solutions is equal to the number of solutions of the equation

v+ ...+vg =9,
subject to the restriction (38). This can be shown to be

<197> 7 5(131) 4<120).

Finally, the number of case (IV) solutions is equal to the number of solutions of the equation

’U1—|—...-i—1}9=47

subject to the restriction (38). This can be shown to be

(+)

PROBLEMS FOR CHAPTER 15

1. Consider the linear equation uy + ...+ ug = 29. Use the arguments in Sections 15.2-15.4 to solve

the following problems:
a) How many solutions satisfy uq,...,us € {0,1,2,3,...}7
b) How many solutions satisfy uy,...,us € {0,1,2,3,...,7}?
¢) How many solutions satisfy uq,...,us € {2,3,...,7}7?
d) How many solutions satisfy ui,us,us € {1,2,3,...,7} and ug, us, us € {2,3,...,6}7

2. Consider the linear equation uy + ... + uy = 34. Use the arguments in Sections 15.2-15.4 to solve

the following problems:
a) How many solutions satisfy u1,...,ur; € {0,1,2,
b) How many solutions satisfy wui,...,ur € {0,1,2
¢) How many solutions satisfy wy,...,ur € {2,3,4,...,7}?
d) 3

How many solutions satisfy uq,...,us € {1,2,3,...,8} and us,...,ur € {3,4,5,...,7}?

3. How many natural numbers z < 99999999 are such that the sum of the digits in « is equal to 357

How many of these numbers are 8-digit numbers?
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. Rework Questions 1 and 2 using generating functions.

. Use generating functions to find the number of solutions of the linear equation uy + ...+ us = 25
subject to the restrictions that uy,...,uq € {1,2,3,...,8} and us € {2,3,13}.

. Consider again the linear equation uy + ...+ w7 = 34. How many solutions of this equation satisfy
uy, ..., ug € {1,2,3,...,8} and uy € {2,3,5,7}7?



