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Chapter 16

RECURRENCE RELATIONS

16.1. Introduction
Any equation involving several terms of a sequence is called a recurrence relation. We shall think of the

integer n as the independent variable, and restrict our attention to real sequences, so that the sequence
an is considered as a function of the type

f:NU{0} - R:nw— ay,.
A recurrence relation is then an equation of the type

F(n,an, Gpi1y .- anir) =0,

where k € N is fixed.
EXAMPLE 16.1.1. an4+1 = bay, is a recurrence relation of order 1.
EXAMPLE 16.1.2. a},, +a) = n is a recurrence relation of order 1.
EXAMPLE 16.1.3.  an43 + 5ap42 + 4a,41 + a,, = cosn is a recurrence relation of order 3.
EXAMPLE 16.1.4. ay42 + 5(a2,; 4+ a,)'/3 = 0 is a recurrence relation of order 2.
We now define the order of a recurrence relation.

DEFINITION. The order of a recurrence relation is the difference between the greatest and lowest sub-
scripts of the terms of the sequence in the equation.

DEFINITION. A recurrence relation of order k is said to be linear if it is linear in a,, apy1,-. ., Gnik-
Otherwise, the recurrence relation is said to be non-linear.
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ExaMPLE 16.1.5. The recurrence relations in Examples 16.1.1 and 16.1.3 are linear, while those in
Examples 16.1.2 and 16.1.4 are non-linear.

EXAMPLE 16.1.6. an4+1a,4+2 = Da, is a non-linear recurrence relation of order 2.
REMARK. The recurrence relation a3 + 5a,42 + 4a,4+1 + a, = cosn can also be written in the form
Unt2+5an11+4a, +a,—1 = cos(n—1). There is no reason why the term of the sequence in the equation

with the lowest subscript should always have subscript n.

For the sake of uniformity and convenience, we shall in this chapter always follow the convention
that the term of the sequence in the equation with the lowest subscript has subscript n.

16.2. How Recurrence Relations Arise

We shall first of all consider a few examples. Do not worry about the details.

EXAMPLE 16.2.1. Consider the equation a,, = A(n!), where A is a constant. Replacing n by (n+1) in
the equation, we obtain a,+1 = A((n+1)!). Combining the two equations and eliminating A, we obtain
the first-order recurrence relation a,+1 = (n + 1)a,.

ExampLE 16.2.2. Consider the equation

(1) an = (A—I—Bn)3",

where A and B are constants. Replacing n by (n+1) and (n+2) in the equation, we obtain respectively

(2) any1 = (A+B(n+1))3"" = (34 + 3B)3" + 3Bn3"
and
(3) Uny2 = (A+ B(n+2))3""% = (9A + 18B)3™ 4 9Bn3".

Combining (1)—(3) and eliminating A and B, we obtain the second-order recurrence relation

any2 — 6ap41 +9a, = 0.

ExampLE 16.2.3. Consider the equation
(4) an = A(=1)" + B(~2)" + C3",

where A, B and C are constants. Replacing n by (n+1), (n+2) and (n + 3) in the equation, we obtain
respectively

(5) a1 = A(=1)" M 4 B(=2)"T! £ 03" = —A(—1)" — 2B(-2)" + 3C3",
(6) ani2 = A(=1)""2 4+ B(=2)""? + 03" = A(—1)" + 4B(-2)" + 9C3"
and

(7) aniz = A(=1)"3 + B(=2)"T3 + 03" = —A(—1)" — 8B(—2)" + 27C3".

Combining (4)—(7) and eliminating A, B and C, we obtain the third-order recurrence relation

An+43 — Tap41 — 6ay, = 0.
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Note that in these three examples, the expression of a, as a function of n contains respectively
one, two and three constants. By writing down one, two and three extra expressions respectively, using
subsequent terms of the sequence, we are in a position to eliminate these constants.

In general, the expression of a, as a function of n may contain k arbitrary constants. By writing
down k further equations, using subsequent terms of the sequence, we expect to be able to eliminate
these constants. After eliminating these constants, we expect to end up with a recurrence relation of
order k.

If we reverse the argument, it is reasonable to define the general solution of a recurrence relation
of order k as that solution containing k arbitrary constants. This is, however, not very satisfactory.
Instead, the following is true: Any solution of a recurrence relation of order k£ containing fewer than k
arbitrary constants cannot be the general solution.

In many situations, the solution of a recurrence relation has to satisfy certain specified conditions.
These are called initial conditions, and determine the values of the arbitrary constants in the solution.

EXAMPLE 16.2.4. The recurrence relation
an+2 —6ap41 +9a, =0

has general solution a,, = (A 4+ Bn)3", where A and B are arbitrary constants. Suppose that we have
the initial conditions ap = 1 and a; = 15. Then we must have a,, = (1 + 4n)3".

16.3. Linear Recurrence Relations

Non-linear recurrence relations are usually very difficult, with standard techniques only for very few
cases. We shall therefore concentrate on linear recurrence relations.

The general linear recurrence relation of order k is the equation

(8) so(M)antk + s1(n)aptk—1 + ...+ sg(n)a, = f(n),
where so(n),s1(n),...,sk(n) and f(n) are given functions. Here we are primarily concerned with (8)
only when the coefficients sq(n), s1(n), ..., sp(n) are constants and hence independent of n. We therefore

study equations of the type
(9) 80Gn+k + $S1Antk—-1 + - - . + Skan, = f(n),

where s, $1,. .., Sk are constants, and where f(n) is a given function.

16.4. The Homogeneous Case

If the function f(n) on the right-hand side of (9) is identically zero, then we say that the recurrence
relation (9) is homogeneous. If the function f(n) on the right-hand side of (9) is not identically zero,
then we say that the recurrence relation

(10) S00n+k + $S10n4k—1 + - .. + Sgan =0
is the reduced recurrence relation of (9).

In this section, we study the problem of finding the general solution of a homogeneous recurrence
relation of the type (10).
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Suppose that a,(ll), ey aS{“) are k independent solutions of the recurrence relation (10), so that no

linear combination of them with constant coefficients is identically zero, and
1 1 k k
soailk—kslailk_l + ..+ spall) =0, o soafllk—kslailk_l + ...+ spa®) =0,

We consider the linear combination

(11) an =10V + ..+ cpal®),
where ¢1,. .., ¢ are arbitrary constants. Then a,, is clearly also a solution of (10), for

S$0Gn+k + S1Gn+k—1 + ... + Skan

k k
— so(cla&)_k, +...+ ckagl_ik) + sl(clagi)rk_l +...+ ckailk_l) +...+ sk(clag) + ...+ ckag“))

= C1(Soa£ll4)_k + sla&)_k_l +...+ ska,(ll)) +...+ ck(soafﬁk + slag:)-k—l +...+ skag“))

=0.

Since (11) contains k constants, it is reasonable to take this as the general solution of (10). It remains

to find k independent solutions ag), cee a%k).

Consider first of all the case k = 2. We are therefore interested in the homogeneous recurrence
relation

(12) S0Upt2 + S1ant1 + Soa, =0,
where sq, 1, S are constants, with sg # 0 and sy # 0. Let us try a solution of the form
(13) an = A",
where \ # 0. Then clearly a, 1 = A\"*! and a, ;2 = A\"*2, so that
(50A% 4 81\ + 89)A™ = 0.
Since A # 0, we must have
(14) 50A% 4+ 81\ + 59 = 0.
This is called the characteristic polynomial of the recurrence relation (12).

It follows that (13) is a solution of the recurrence relation (12) whenever A satisfies the characteristic
polynomial (14). Suppose that A\; and Ay are the two roots of (14). Then

al) = A7 and al? = \p

are both solutions of the recurrence relation (12). It follows that the general solution of the recurrence
relation (12) is

(15) an, = CIA] + 25

EXAMPLE 16.4.1. The recurrence relation
Gn+2 +4any1 + 3a, =0

has characteristic polynomial A2 4+ 4\ + 3 = 0, with roots A\; = —3 and Ay = —1. It follows that the
general solution of the recurrence relation is given by

an = c1(=3)" + co(—1)".
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EXAMPLE 16.4.2. The recurrence relation
Ap 42 + 4an =0

has characteristic polynomial A? 4+ 4 = 0, with roots A\; = 2i and Ay = —2i. It follows that the general
solution of the recurrence relation is given by

n n
=2" (b (congriSing) + by (cosgfising> )

n nm nm .. nm
=2 (b1 (0057+1sm7)+b2 (0057—1sm7))
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EXAMPLE 16.4.3. The recurrence relation
Ay 42 + 4an+1 + 16an =0

has characteristic polynomial A2 4 4\ + 16 = 0, with roots A\; = —2 + 2v/3i and Ay = —2 — 2/3i. Tt
follows that the general solution of the recurrence relation is given by

ap = by (—2 4 2V30)" + by(—2 — 2V/3)" = 4" <61 (3 + §i> + by (3 - i§1> )

2 2
b cos2—7r+isin2—7r n—f—b cos2—7r—isin2—7r '
! 3 3 2 3 3
b cos—+ 2nm +b 2n_7r7, i Qn—ﬂ
1 isin 3 2 | COS 3 11 3

2
bl + b2 COb T + 1(b1 — bg) sin %)

. 2nm
clcos— +CQS1HT .

The method works well provided that A\ # Ao. However, if Ay = Ag, then (15) does not qualify
as the general solution of the recurrence relation (12), as it contains only one arbitrary constant. We
therefore try for a solution of the form
(16) an = up\",
where u,, is a function of n, and where A is the repeated root of the characteristic polynomial (14). Then
(17) Ung1 = Upp A" L and Unga = Uppa N2,

Substituting (16) and (17) into (12), we obtain
S0Un2 A" T2 4+ 51U AT 4+ sou, AP = 0.

Note that the left-hand side is equal to

S0(Unt2 —un))\"”—l—sl(unﬂ —un))\"+1 + Uy, (so)\2—|—31 A+52)A™ = s0(Up42 —un))\"”—l—sl(unﬂ —un))\”H.
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It follows that

S0A (U2 — Up) + 81 (Upt1 — upn) = 0.

Note now that since soA? + s;\ + s = 0 and that A is a repeated root, we must have 2\ = —s; /sg. It
follows that we must have (up42 — tn) — 2(up41 — upn) = 0, so that

Unp+2 — 2un+1 +up = 0.

This implies that the sequence u,, is an arithmetic progression, so that u,, = ¢; + con, where ¢; and ¢
are constants. It follows that the general solution of the recurrence relation (12) in this case is given by

an = (c1 + can) A",
where A is the repeated root of the characteristic polynomial (14).
EXAMPLE 16.4.4. The recurrence relation
an+t2 — 6ap41 +9a, =0

has characteristic polynomial A\> — 6\ 4+ 9 = 0, with repeated roots A\ = 3. It follows that the general
solution of the recurrence relation is given by

an = (e1 + can)3™.

We now consider the general case. We are therefore interested in the homogeneous recurrence
relation

(18) $00ntk + $1Anik—1+ ..+ Sgan =0,

where sg, $1, .. ., Sk are constants, with sy # 0. If we try a solution of the form a,, = A™ as before, where
A # 0, then it can easily be shown that we must have

(19) soNe + s AN 4 45 =0,
This is called the characteristic polynomial of the recurrence relation (18).
We shall state the following theorem without proof.

PROPOSITION 16A. Suppose that the characteristic polynomial (19) of the homogeneous recurrence
relation (18) has distinct roots A1, ..., \s, with multiplicities my, ..., mg respectively (where, of course,
k=mq+...+ms). Then the general solution of the recurrence relation (18) is given by

s
a, = Z(bj’l + bj72’n, + ...+ bjﬂnjnmjil)/\?,

j=1
where, for every j =1,...,s, the coefficients bj 1,...,bj ., are constants.
ExXAMPLE 16.4.5. The recurrence relation

Gn+s + Tanya + 19a,43 + 25ap42 + 166,41 +4a, =0

has characteristic polynomial A5 +7A* 4+ 19X% + 25\ + 16\ +4 = (A +1)3(A+2)? = 0 with roots \; = —1
and Ao = —2 with multiplicities m, = 3 and my = 2 respectively. It follows that the general solution of
the recurrence relation is given by

an = (c1 + con 4 c3n?)(=1)" + (cq + c5n)(—=2)".
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16.5. The Non-Homogeneous Case
We study equations of the type
(20) S0Gn+k + $S1Antk—-1 + - .. + Ska, = f(n),
where s, $1,. .., Sk are constants, and where f(n) is a given function.
Suppose that agf) is the general solution of the reduced recurrence relation
(21) S0Qn+tk + S10ptk—1+ ... + Skay, =0,

so that the expression of an) involves k arbitrary constants. Suppose further that a%p ) is any solution of

the non-homogeneous recurrence relation (20). Then

soagrk + smﬁf}rk% + .+ skagf) =0 and SOG;Z)J)rk + Swgl)rk,l + ...+ ska%p) = f(n).
Let
(22) an = al® +aP.
Then

$00n+k + S10n+k—1 + ... + Skap
= so( (€ 4 o) )+ (e) (p) () (p)
— 20 an+k anJrk Sl(an«%kfl + anJrkfl) +.+ Sk(an + Qp, )
= (s00l), + 51054y + o+ skal?) + (500 + s10P), s + .+ spal)

=0+ f(n) = f(n).

It is therefore reasonable to say that (22) is the general solution of the non-homogeneous recurrence
relation (20).

The term asf) is usually known as the complementary function of the recurrence relation (20), while

the term o is usually known as a particular solution of the recurrence relation (20). Note that a? is
in general not unique.

To solve the recurrence relation (20), it remains to find a particular solution a'?).

16.6. The Method of Undetermined Coefficients

In this section, we are concerned with the question of finding particular solutions of recurrence relations
of the type

(23) 80Gn4k + S10n4k—1 + ... + Spay, = f(n),
where s, $1, ..., Sk are constants, and where f(n) is a given function.

The method of undetermined coefficients is based on assuming a trial form for the particular solution
al?) of (23) which depends on the form of the function f(n) and which contains a number of arbitrary
constants. This trial function is then substituted into the recurrence relation (23) and the constants are

chosen to make this a solution.
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The basic trial forms are given in the table below (¢ denotes a constant in the expression of f(n)
and A (with or without subscripts) denotes a constant to be determined):

f(n) trial o f(n) trial o’

c A csinan Ajcosan + Az sinan

cn Ao+ Ain ccosan A cosan + Ay sinan

cn? Ao+ Ain + Ayn? cr™sin an Air™cosan + Asr™ sinan
en™ (m € N) Ag+Ain+...+A,n™ cr’™ cosan Aqr™cosan + Ayr™sinon
er™ (r € R) Arm en™rm r"(Ag+ Ain+ ...+ Apn™)

EXAMPLE 16.6.1. Consider the recurrence relation
Anto + 4ani1 + 3a, = 5(—2)".
It has been shown in Example 16.4.1 that the reduced recurrence relation has complementary function
a'® = ¢ (=3)" + ca(—1)™.

For a particular solution, we try

alf) = A(-2)"
Then
alf), = A(=2)"+! = —24(-2)"
and

al?), = A(=2)"2 = 4A(-2)".
It follows that
al)y +4aP) | +3aP) = (44 — 8A 4 3A4)(~2)" = —A(=2)" = 5(—2)"
if A = —5. Hence

an = al9 +aP) = ¢ (=3)" 4 co(—1)" — 5(—2)".

ExXAMPLE 16.6.2. Consider the recurrence relation

Q2 +4a, = 6(:05% —I—SSin%.

It has been shown in Example 16.4.2 that the reduced recurrence relation has complementary function

agf) =2" <01 cos %T + ¢o sin %T) .

For a particular solution, we try

aﬁf’) = A cos n77r + Ay sin n;
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Then
1 1
a;;;)_l = A COS(H—FT)F +A281DM
A( nm ™ ,n7r,7r)+A(,n7r T n7r,7r>
= €0S — €OS — — sin — sin — sin — cos — + cos — sin —
! 2 2 2 72 2 2 2 2 72
:Agcos%—Alsin%
and
2 2
aipJ)rQ:Alcos@ +Agsinw

nmw .onm o, . nmw nw .
= A; (cos—cosm —sin —sinm | + Ay (sin — cosm + cos — sin 7
2 2 2 2
nmw . onm
= —A;cos — — Agsin —.
2 2

It follows that

aglplg + 4a5f) = 3A; cos % + 3As sin % — 6cos 1 + 3sin n

2 2
if Ay =2 and A3 = 1. Hence

an = agf) —|—a£1p) = 2" (cl cosr%7r + ¢o sin %T) + 2 cos n77r + sin %

ExAMPLE 16.6.3. Consider the recurrence relation

nm

n B
Gnt2 + 4ap1 + 16a, = 4"+2 cos % — 4" 3 5in -5

It has been shown in Example 16.4.3 that the reduced recurrence relation has complementary function

2 2
agf) = 4" <01 cos % + cosin %) .

For a particular solution, we try

a£§’> =4" (A1 cos % + Agsin %) .

Then

n

1 1
a(pll = 4n+1 Al COS 7(% + )ﬂ- + A2 sin 7(77/ + )ﬂ- =4" (4A2 Ccos T — 4A1 sin T)
2 2 2 2
and

2 2
), = 4+? <A1 cos w + Agsin W%) =4 (—16A1 cos % — 164, sin %) .

It follows that

aﬁlplz + 4a£f?_1 +16aP) = 16 424" cos % —16A4;4" sin % = 4" cos % — 43 gin T

if Ay =4 and Ay = 1. Hence

n n 2

2 2
a, = al® + qP) = 4" <01 cos% +0281n% +4cosn§ +sinn—7r> .
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16.7. Lifting the Trial Functions
What we have discussed so far in Section 16.6 may not work. We need to find a remedy.
ExXAMPLE 16.7.1. Consider the recurrence relation
Unt2 + 4ant1 + 3a, = 12(=3)".
It has been shown in Example 16.4.1 that the reduced recurrence relation has complementary function
al® = ¢ (=3)" + ca(—1)".

For a particular solution, let us try

alP) = A(=3)".
Then
afly = A(=3)" = —34(=3)"
and
al), = A(=3)"? = 9A(-3)".
But

)y +4a)| +3aP) = (94 — 124+ 3A4)(—3)" = 0 # 12(—3)"

for any A. In fact, this is no coincidence. Note that if we take ¢; = A and ¢y = 0, then the complementary

function an) becomes our trial function! No wonder the method does not work. Now try instead

alP) = An(-3)".
Then
al’) | = A(n+1)(=3)"+! = —3An(=3)" — 3A(=3)"
and

al), = A(n +2)(=3)"*2 = 9An(—3)" + 18A(-3)".
It follows that
al)y +4aP) | +3aP) = (94 — 124 + 3A)n(=3)" + (184 — 124)(=3)" = 6A(—3)" = 12(~3)"
if A= 2. Hence

an = al® +aP = ¢ (=3)" 4 co(—1)" + 2n(-3)"™.

ExXAMPLE 16.7.2. Consider the recurrence relation
nmw
Gnt2 + 4an, = 2" cos -
It has been shown in Example 16.4.2 that the reduced recurrence relation has complementary function

agf) =2" <01 cos %T + ¢o sin n77r> .



For a particular solution, it is no use trying
nmw nmw
ast) =2" (A1 COS ? + A2 sin 7) .
It is guaranteed not to work. Now try instead

agp) =n2" <A1 cos % + Ajsin E) .

2
Then
1 1
agi)l =(n+ 1)2n+1 <A1 CoS w + Ay sin @)
= (n+1)2"t! (Ag cos & Aj sin n_w)
2 2
and

2 2
aglp_?a — (TL + 2)2n+2 (Al cos w + A2 sin W)

= (n+ 2)2nt2 (—A1 cos % — Ay sin %) .

It follows that

al)y + 40P = (= (n+ 2)2"% 4 4n2") A, cos % + (—=(n+2)2"*2 + 4n2") Ay sin %
= —2"3 4, cos % —9nt3 A, sin % = 2" cos %
if Ay =—1/8 and Ay = 0. Hence
a, = agf) + aﬁf’) =2" (01 cos T;—W + ¢o sin %T - % cos %T)

EXAMPLE 16.7.3. Consider the recurrence relation

Gpy2 — 6ant1 + 9a, = 3.

Chapter 16 : Recurrence Relations
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It has been shown in Example 16.4.4 that the reduced recurrence relation has complementary function

agf) = (c1 + con)3".
For a particular solution, it is no use trying
aP) = A3" or aP) = An3™.

Both are guaranteed not to work. Now try instead

alP) = An23",
Then

al) | = A(n+1)23"! = A(3n® 4 6n + 3)3"

and

al), = A(n +2)23"% = A(9n> + 36n + 36)3".
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It follows that

a(p)

P, —6a?) | +9a) = 1843" = 3"

if A=1/18. Hence

2

an = al® +aP) = (cl + con + TIL_8> 3m.

In general, all we need to do when the usual trial function forms part of the complementary function
is to “lift our usual trial function over the complementary function” by multiplying the usual trial function
by a power of n. This power should be as small as possible.

16.8. Initial Conditions
We shall illustrate our method by a fresh example.
ExXAMPLE 16.8.1. Consider the recurrence relation
Uni3 + Banya + 8any1 +4a, = 2(—1)" + (=2)" 13,

with initial conditions ag = 4, a1 = —11 and ay = 41. Consider first of all the reduced recurrence
relation

Gn+3 + Oanyo + 8ap41 + 4a, = 0.

This has characteristic polynomial
Mo 2 H8A+4=\N+1)(A+2)?2 =0,

with roots A\; = —1 and Ay = —2, with multiplicities m; = 1 and mo = 2 respectively. It follows that

al®) = e (—=1)" + (c2 + czn) (—2)".
To find a particular solution, we therefore need to try

aP) = Ayn(—1)" + Agn?(—2)".

Note that the usual trial function A;(—1)" + A5(—2)" has been lifted in view of the observation that it
forms part of the complementary function. The part A;(—1)" has been lifted once since —1 is a root

of multiplicity 1 of the characteristic polynomial. The part A3(—2)™ has been lifted twice since —2 is a
root of multiplicity 2 of the characteristic polynomial. Then we have

al) | = Ay(n+1)(=1)"! 4 Ag(n+1)%(=2)""!

= Ay(—n = 1)(=1)" + Ag(—2n" — 4n — 2)(-2)",
al)y = Ay(n+2)(=1)"2 + Ay(n + 2)%(—2)"+?

= A1(n+2)(=1)" + Az(4n® + 16n + 16)(—2)"

and

al)y = Ay (n+3)(=1)" + Ay(n + 3)%(—2)" >
= Ay(—n —3)(=1)" + Ay(—8n? — 48n — 72)(—2)".
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It follows that

al?)y +507), +80\7), + 40l = — A1 (=1)" — 8Ax(~2)" = 2(-1)" + (-2)"*?
if Ay = -2 and Ay = 1. Hence
(24) an = al9 +aP) = ¢ (=1)" + (2 + e3n)(—2)" — 2n(—=1)" + n?(—2)".

For the initial conditions to be satisfied, we substitute n = 0, 1,2 into (24) to get respectively

ag = c1 + co =4,
a1:—01—2(02+03)+2—2:—11,
ay = ¢y +4(co + 2¢3) — 4+ 16 = 41.

It follows that we must have ¢; = 1, co = 3 and ¢3 = 2, so that

an = (1 =2n)(=1)" + (34 2n + n?)(=2)".

To summarize, we take the following steps in order:
(1) Consider the reduced recurrence relation, and find its general solution by finding the roots of its

characteristic polynomial. This solution agf) is called the complementary function. If the original

. . . Cc . .
recurrence relation is of order &, then the expression for a%) contains k arbitrary constants cy, ..., C.

(2) Find a particular solution a%p ) of the original recurrence relation by using, for example, the method

of undetermined coeflicients, bearing in mind that in this method, the usual trial function may have

to be lifted above the complementary function.

3) Obtain the general solution of the original equation by calculating a,, = agf) + a%p ).
(3) g ginal eq y g

(4) If initial conditions are given, substitute them into the expression for a,, and determine the constants
Cly...,Ck.

16.9. The Generating Function Method

In this section, we are concerned with using generating functions to solve recurrence relations of the type
(25) 80Gn+k + $10n4k—1 + - .. + Span = f(n),

where sg, s1, ..., S, are constants, f(n) is a given function, and the terms ag, a1,...,ar_1 are given.

Let us write
(26) G(X)=> anX"
n=0

In other words, G(X) denotes the generating function of the unknown sequence a,, whose values we wish
to determine. If we can determine G(X), then the sequence a,, is simply the sequence of coefficients of
the series expansion for G(X).

Multiplying (25) throughout by X™, we obtain
S0Untk X"+ S10n4k—1 X"+ ...+ 5,0, X = f(n)X™

Summing over n =0,1,2,..., we obtain

So Zan+kX" + 51 Zan+k,1X” + ..+ s ZanX" = Z fn)X™.
n=0 n=0

n=0 n=0
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Multiplying throughout again by X*, we obtain

(27) $0XE > " an ik X"+ 51 XY apoa X"+ s XY an X" =XEY f(n) X"
n=0

n=0 n=0 n=0

A typical term on the left-hand side of (27) is of the form

stk Z ptk—j X" = stj Z an+k,jX"+k*j = stj Z amX™
n=0 n=0 m=k—j

= stj (G(X) — (ao +anX+...+ ak,jlek_j_l)) ,
where 5 =0,1,...,k. Tt follows that (27) can be written in the form

k; . .
(28) > 5 X7 (G(X) = (a0 + a1 X + ... +ar_j 1 X"77)) = XFP(X),

§=0
where
F(X)=> fmx"
n=0

is the generating function of the given sequence f(n). Since ag,as,...,ar_1 are given, it follows that

the only unknown in (28) is G(X). Hence we can solve (28) to obtain an expression for G(X).
EXAMPLE 16.9.1. We shall rework Example 16.8.1. We are interested in solving the recurrence relation
(29) Uni3 + Do + 8ani1 + 4a, = 2(=1)" + (=2)"3

with initial conditions ag = 4, a; = —11 and ay = 41. Multiplying (29) throughout by X™, we obtain

U3 X™ 4 50p 4o X" + 8ap1 X™ 4 4a, X" = (2(=1)" + (=2)" T3 X",

Summing over n =0,1,2,..., we obtain
> s X" +5Y a2 X" 48 ann X" +4Y an X" =) (21" + (-2)" X"
n=0 n=0 n=0 n=0 n=0

Multiplying throughout again by X3, we obtain

X3 i Uy X™ 4+ 5X°3 i UngaX™ 4 8X3 i U1 X" 4 4X3 i an X"

n=0 n=0 n=0 n=0

— X3 i(Q(_l)n 4 (_2)n+3)Xn.
n=0

It follows that

(30)  (G(X) — (ap+ a1 X +axX?)) +5X(G(X) — (ap + a1 X)) + 8X*(G(X) — ap) + 4X3G(X)
= X3F(X),

where
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is the generating function of the sequence 2(—1)" 4+ (—2)"*3. The generating function of the sequence
2(—=1)™ is

2
F(X)=2-2X+2X?-2X3 4+ =201 -X+X?-X34+..)= ——,
1+ X
while the generating function of the sequence (—2)"*3 is
8
Fo(X) = -84+ 16X —32X? +64X3 — ... = —8(1 —2X +4X? - 8X* 4 ...) = —T7ax

It follows from Proposition 14A that

2 8
T1+ X 142X

(31) F(X)=F(X)+ F2(X)

On the other hand, substituting the initial conditions into (30) and combining with (31), we have

(G(X) — (4 — 11X +41X?)) + 5X(G(X) — (4 — 11X)) +8X*(G(X) — 4) + 4X3G(X)
2X3  8X3

1+X 142X

In other words,

2X3 8X3

= — 449X +18X2.
T+ X 1rox (4t9x+is

(145X +8X% +4X3)G(X)

Note that 1 +5X +8X2 +4X3 = (1 + X)(1+2X)?2, so that

9 X3 8X3 449X +18X?2
(32) G(X) = O+ X201 +2X2 (1 X)(1+2X)P A+ X)(1+2x)2

This can be expressed by partial fractions in the form

A . Aa . As n Ay . As
14X (14+X)2 0 142X (1+2X)2 0 (142X)3
A1+ X)(1+2X)3 + A2(1 +2X)3 + A3(1 + X)2(1 +2X)2 + As(1 + X)2(1 +2X) + A5(1 + X)?

(1+ X)2(1 + 2X)?

G(X)

A little calculation from (32) will give

G(X) = 44 21X 453X +66X° +32X*
- (14 X)2(1+2X)3

It follows that we must have

A1+ X)(14+2X)3 + Ay (1 +2X)2 + A3(1 4+ X)2(1 +2X)?2 + A, (1 + X)?(1 4+ 2X) + +A5(1 + X)?
=4+21X +53X? +66X° +32X%.

Equating coefficients for X%, X1, X2, X3, X4 in the above, we obtain respectively

A+ A+ As+ As+ As = 4,
TA; 4+ 643+ 6As+4A,+ 245 =21,
18A1 + 1245 + 13A3 + 544 + As = 53,
20A1 + 8A5+ 12A35+2A4 = 66,
84 + 443 = 32.
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This system has unique solution Ay =3, Ay = —2, A3 =2, Ay = —1 and A5 = 2, so that

3 2,2 1 N 2
14X (14X)2 142X (1+42X)2 0 (142X)3

G(X)

If we now use Proposition 14C and Example 14.3.2, then we obtain the following table of generating
functions and sequences:

generating function sequence

(1+X)1 (—1)"

(1+X)2 (-)™"(n+1)
(1+42X)7! (—2)"

(1+2X)~2 (=2)"(n+1)
(142X)73 (=2)"(n+2)(n+1)/2

It follows that

an =3(=1)" =2(=1)"(n+ 1) +2(=2)" = (=2)"(n+ 1) + (=2)"(n + 2)(n + 1)
=(1—2n)(=1)" + (34 2n +n?)(-2)"

as before.

PROBLEMS FOR CHAPTER 16

1. Solve each of the following homogeneous linear recurrences:
a) Gpyo — 6apy1 — Ta, =0 b) ant2 + 10an+1 + 25a, =0
C) An+3 — 6an+2 + 9an+1 —4a, =0 d) Ap+2 — 4an+1 +8a, =0
e) ants + Hansa + 12a,41 — 18a, =0

2. For each of the following linear recurrences, write down its characteristic polynomial, the general
solution of the reduced recurrence, and the form of a particular solution to the recurrence:

a) Gpio +4ant1 —Ha, =4 b) ani2 +4ani1 —5a, =n®+n+1
C) Gny2 — 2Gp41 — DGy = COSNT d) ant2 + 4ant1 + 8a, = 2" sin(nmw/4)
e) anta — 9a, = 3" ) apto — 9a, = n3"

)

=)

) @nio — 9a, = n?3" ant2 — 6ap41 + 9a, = 3"
apyo — 6ant1 +9a, =3"+ 7" j) @ni2 + 4a, = 2" cos(nm/2)
Gn+2 + 4a, = 2" cosnm 1) ani2 + 4a, = n2"sinnw

o

)
)

= -

3. For each of the following functions f(n), use the method of undetermined coefficients to find a
particular solution of the non-homogeneous linear recurrence a,42 — 6a,+1 — 7a, = f(n). Write
down the general solution of the recurrence, and then find the solution that satisfies the given initial

conditions:
a) f(n) =24(=5)"; a0 =3, a1 = -1 b) f(n) =16(-1)"; ap =4, a1 =2
¢) f(n)=8((—1)"+7"); a0 =5,a; =11 d) f(n)=12n% —4n+10; ap = 0, a; = —10

e) f(n) :2cos%7r +365in%; ap =20, a, =3

4. Rework Questions 3(a)—(d) using generating functions.



