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Chapter 2

ARITHMETIC FUNCTIONS

2.1. Introduction

By an arithmetic function, we mean a function of the form f : N — C. We say that an arithmetic
function f : N — C is multiplicative if f(mn) = f(m)f(n) whenever m,n € N and (m,n) = 1.

ExaMPLE. The function U : N — C, defined by U(n) = 1 for every n € N, is an arithmetic function.
Furthermore, it is multiplicative.

THEOREM 2A. Suppose that the function f : N — C is multiplicative. Then the function g : N — C,
defined by

g(n) =>_ f(m)
m|n
for every n € N, is multiplicative.

Here the summation },, denotes a sum over all positive divisors m of n.

PROOF OF THEOREM 2A. Suppose that a,b € N and (a,b) = 1. If u is a positive divisor of a and v
is a positive divisor of b, then clearly wv is a positive divisor of ab. On the other hand, by Theorem
1D, every positive divisor m of ab can be expressed uniquely in the form m = uv, where u is a positive
divisor of a and v is a positive divisor of b. Clearly (u,v) = 1. It follows that

glab) =" fm) =D fluw) =D fw)fw) =D fw) | [ D f) ] =gla)g(®).

m|ab ula v|b ula v|b ula v|b

This completes the proof. ()
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2.2. The Divisor Function

We define the divisor function d : N — C by writing

(1) dn) =1

m|n

for every n € N. Here the sum is taken over all positive divisors m of n. In other words, the value
d(n) denotes the number of positive divisors of the natural number n. On the other hand, we define the
function o : N — C by writing

(2) o(n) =Y "m

m|n

for every n € N. Clearly, the value o(n) denotes the sum of all the positive divisors of the natural
number n.

THEOREM 2B. Suppose that n € N and that n = p* ...p¥" is the canonical decomposition of n.

Then
up+1 up+1
D1 -1 Y2 -1
dn)=14wuy)...(1+u and o(n) =
(n) = (1) (1 +w) =B B
PROOF. Every positive divisor m of n is of the form m = p{*...p%, where for every j =1,...,r, the

integer v; satisfies 0 < v; < u;. It follows from (1) that d(n) is the number of choices for the r-tuple
(v1,...,v,). Hence

U1

d(n) = Z...ilz(1+u1)...(1+ur).

v1=0 v,=0
On the other hand, it follows from (2) that

uy

a(n) = Z-~-2p¥l~--pﬁ"= (ip’{l)...(ipp)

v1=0 V=0 v1=0 v,=0
Note now that for every j =1,...,r, we have
uj ’fj"‘l -1
S opP =14pi+pit.. +py =
ﬂjZO p‘j o 1

The second assertion follows. O
The result below is a simple deduction from Theorem 2B.
THEOREM 2C. The arithmetic functions d: N — C and 0 : N — C are both multiplicative.
Natural numbers n € N where o(n) = 2n are of particular interest, and are known as perfect
numbers. A perfect number is therefore a natural number which is equal to the sum of its own proper
divisors; in other words, the sum of all its positive divisors other than itself.

EXAMPLES. It is easy to see that 6 =1+ 2+ 3 and 28 =1+ 2+ 4 + 7 4 14 are perfect numbers.

It is not known whether any odd perfect number exists. However, we can classify the even perfect
numbers.
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THEOREM 2D. (EUCLID-EULER) Suppose that m € N. If 2™ — 1 is a prime, then the number
2m=1(2™m — 1) is an even perfect number. Furthermore, there are no other even perfect numbers.

PROOF. Suppose that n = 2m~1(2™ — 1), and 2™ — 1 is prime. Clearly
(2m=tom—1)=1.
It follows from Theorems 2B and 2C that

on) =c2™ He2™ - 1) =

so that n is a perfect number, clearly even since m > 2.

Suppose now that n € N is an even perfect number. Then we can write n = 2™ 1y, where m € N
and m > 1, and where u € N is odd. By Theorem 2B, we have

2™y = o(n) = o(2™ Ho(u) = (2™ — 1)o(u),

so that

(3) o(u) = =u+

Note that o(u) and u are integers and o(u) > u. Hence u/(2™ — 1) € N and is a divisor of u. Since
m > 1, we have 2™ — 1 > 1, and so u/(2™ — 1) # u. It now follows from (3) that o(u) is equal to the
sum of two of its positive divisors. But o(u) is equal to the sum of all its positive divisors. Hence u
must have exactly two positive divisors, so that u is prime. Furthermore, we must have u/(2™ — 1) = 1,
so that u =2" —-1. O

We are interested in the behaviour of d(n) and o(n) as n — oo. If n € N is a prime, then clearly
d(n) = 2. Also, the magnitude of d(n) is sometimes greater than that of any power of logn. More

precisely, we have the following result.

THEOREM 2E. For any fized real number ¢ > 0, the inequality d(n) < (logn)® as n — oo does not
hold.

PRrROOF. The idea of the proof is to consider integers which are divisible by many different primes.

Suppose that ¢ > 0 is given and fixed. Let £ € N U {0} satisfy £ < ¢ < £+ 1. For every j = 1,2,3,...,
let p; denote the j-th positive prime in increasing order of magnitude, and consider the integer

n=(pr...pex1)".
Then in view of Theorem 2B, we have

o1
logn )> > K(¢)(logn)™™! > K(c)(logn)®,

(4) d(n) = (m+1)"" > (m

where the positive constant

Fle) = (W)

depends only on ¢. The result follows on noting that the inequality (4) holds for every m € N. O

On the other hand, the order of magnitude of d(n) cannot be too large either.
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THEOREM 2F. For any fized real number € > 0, we have d(n) <. n° as n — oo.

PRrROOF. For every natural number n > 1, let n = pi* ... p%" be its canonical decomposition. It follows
from Theorem 2B that

din) _ (+w) (L+u,)

€Ul €U

ne Py Dr

We may assume without loss of generality that e < 1. If 2 < p; < 21/¢ then

p;u7 2 QEUj — €U log 2 >14 eu; 10g2 > (1 + Uj)€10g27

so that
1 ; 1
( tuu]) < .
p;”’ elog?2

On the other hand, if p; > 21/¢ then p§ > 2, and so

() I;f‘j <1.

p;

It follows that

d(n) 1
ne H elog2’

p<21/£
a positive constant depending only on e. ()

We see from Theorems 2E and 2F and the fact that d(n) = 2 infinitely often that the magnitude of
d(n) fluctuates a great deal as n — co. It may then be more fruitful to average the function d(n) over a
range of values of n, and consider, for positive real numbers X € R, the value of the average

1

n<X

THEOREM 2G. (DIRICHLET) As X — oo, we have

> d(n) = Xlog X + (2y - 1)X + O(X'/?).
n<X

Here v is Euler’s constant and is defined by

1
v=lim | Y = —logY | =0.5772156649....
n

Y —oo
n<Y

REMARK. It is an open problem in mathematics to determine whether Euler’s constant v is rational
or irrational.

The proof of Theorem 2G depends on the following intermediate result.



THEOREM 2H. AsY — oo, we have

1 1
Zﬁ—logY—i-v—%-O(?).

n<Y

PrROOF. AsY — oo, we have

1 1 Y1 [V] Y1 (Y] Y1
Y o= <?+/n quu>:7—|—Z/n ﬁd“—7+/l S| D1 du
n<Y n<Y n<Y n<u
Y] /Y [u] ], ("1 /Y u — [u]
== —du=-—+ —du— d
Y + 1 U,Q Y Y + 1 U Y 1 u2 Y
=logY +1+0 1) mu—[u]du+/°°u—[u]du
a & Y 1 2 Y u2
u— [u] 1
:10gY—|—<1—/1 - du)+0<?>
It is a simple exercise to show that
1—/ u_Q[u]du:'y
1 u
and this completes the proof. ()
PrOOF OF THEOREM 2G. As X — oo, we have
2odm= 3 1= 3 D 1+ > 2 1= ) 1
n<X xy<X r<X1/2 y<X y<Xx1/2 wgi r<X1/2 y<X1/2
=2 > [ ] X2 =2 Z = +0(X1/2) (X2 +0(1))”
r<X1/2 1<X1/2

1
=2X (1ogX1/2 +7+0 (X1/2>) +O(X'?) - X
= XlogX + (27— )X + O(X/?).

This completes the proof. ()
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We next turn our attention to the study of the behaviour of o(n) as n — co. Every number n € N
has divisors 1 and n, so we must have ¢(1) = 1 and o(n) > n if n > 1. On the other hand, it follows

from Theorem 2F that for any fixed real number € > 0, we have
o(n) <nd(n) <. n'™ asn — occ.

In fact, it is rather easy to prove a slightly stronger result.

THEOREM 2J. We have o(n) < nlogn as n — .

PROOF. Asn — oo, we have

1
<n Z - < nlogn.

m<n

3=

This completes the proof. ()
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As in the case of d(n), the magnitude of o(n) fluctuates a great deal as n — oo. As before, we shall
average the function o(n) over a range of values of n, and consider some average value of the function.
Corresponding to Theorem 2G, we have the following result.

THEOREM 2K. As X — oo, we have

Z o(n) = EXZ +O(X log X).

PrROOF. As X — o0, we have

2 2
:%Z<%+0(1)> :XTZ%JFO XZ% +o| > 1

m<X m<X m<X m<X

X2 =1 72
- - X2 (Xlog X ™ x? X log X).
—I—O( Z >+O og X) = 13 +O(X log X)

2
m= 1 m>X

This completes the proof. ()

2.3. The Mo6bius Function

We define the Mébius function p : N — C by writing

1 ifn=1
pu(n) =19 (-=1)" ifn=p;...p,, a product of distinct primes,
0 otherwise.

REMARKS. (i) A natural number which is not divisible by the square of any prime is called a squarefree
number. Note that 1 is both a square and a squarefree number. Furthermore, a number n € N is
squarefree if and only if u(n) = £1.

(ii) The motivation for the definition of the M&bius function lies rather deep. To understand the
definition, one needs to study the Riemann zeta function, an important function in the study of the
distribution of primes. At this point, it suffices to remark that the Mdbius function is defined so that if
we formally multiply the two series

n=1 n=1

where s € C denotes a complex variable, then the product is identically equal to 1. Heuristically, note
that

(50) (£22) £ 5505 (2] £

m=1
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It follows that the product is identically equal to 1 if
Zﬂ(m):{l ifn=1,
0 ifn>1.
m|n
We shall establish this last fact and study some of its consequences over the next four theorems.

THEOREM 2L. The Mobius function u: N — C is multiplicative.

PROOF. Suppose that a,b € N and (a,b) = 1. If a or b is not squarefree, then neither is ab, and so
p(ab) = 0 = p(a)pu(db). On the other hand, if both a and b are squarefree, then since (a,b) = 1, ab must
also be squarefree. Furthermore, the number of prime factors of ab must be the sum of the numbers of
prime factors of a and of b. ()

THEOREM 2M. Suppose that n € N. Then

1 difn=1,
Z“(m){o ifn>1.

m|n

ProOF. Consider the function f: N — C defined by writing
f(n) =2 u(m)
m|n

for every n € N. It follows from Theorems 2A and 2L that f is multiplicative. For n = 1, the result is

trivial. To complete the proof, it therefore suffices to show that f(p*) = 0 for every prime p and every
k € N. Indeed,

F@OM) =" pim) = p(1) + pp) + p@®) + ... +p@*) =1-1+0+...+0=0.

m|p*
This completes the proof. ()

Theorem 2M plays the central role in the proof of the following two results which are similar in
nature.

THEOREM 2N. (MOBIUS INVERSION FORMULA) For any function f : N — C, if the function
g : N — C is defined by writing

g(n) = f(m)

m|n
for every n € N, then for every n € N, we have

o)=Y nm)g(—) = > (=) gm).

PROOF. The second equality is obvious. Also

Soutm)g() = um) | S Sk | = Y wlm)fk) =3 f0) [ 3 wm) | = S,

m|n

in view of Theorem 2M. ()
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THEOREM 2P. For any function g : N — C, if the function f : N — C is defined by writing

o) =3 n(=) glm)

m|n

for every n € N, then for every n € N, we have

g(m) =D fm) =Y f(+).

PROOF. The second equality is obvious. Also

S ()= Sul) o | = a0 | X (") | =t | 3 uton) | st

in view of Theorem 2M. O

REMARK. In number theory, it occurs quite often that in the proof of a theorem, a change of order of
summation of the variables is required, as illustrated in the proofs of Theorems 2N and 2P. This process
of changing the order of summation does not depend on the summand in question. In both instances,
we are concerned with a sum of the form

SO Alk,m).

mln k| %

This means that for every positive divisor m of n, we first sum the function A over all positive divisors
k of n/m to obtain the sum

> Alk,m),

k|75

which is a function of m. We then sum this sum over all divisors m of n. Now observe that for every
natural number k satisfying k | n/m for some positive divisor m of n, we must have k | n. Consider
therefore a particular natural number k satisfying k | n. We must find all natural numbers m satisfying
the original summation conditions, namely m | n and k | n/m. These are precisely those natural numbers
m satisfying m | n/k. We therefore obtain, for every positive divisor k of n, the sum

Z A(k,m).

Summing over all positive divisors k of n, we obtain

> Ak, m).

k|n m\%

Since we are summing the function A over the same collection of pairs (k, m), and have merely changed
the order of summation, we must have

SN Aleym) =" Ak, m).

min k| 7% k|n m\%
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2.4. The Euler Function

We define the Euler function ¢ : N — C as follows. For every n € N, we let ¢(n) denote the number of
elements in the set {1,2,...,n} which are coprime to n.

THEOREM 2Q. For every number n € N, we have

Z o(m) =n.

m|n

PROOF. We shall partition the set {1,2,...,n} into d(n) disjoint subsets B,,, where for every positive
divisor m of n,

By, ={r:1<z<nand (x,n) =m}.

If x € By, let © = ma’. Then (ma’,n) = m if and only if (', n/m) =1. Also 1 < z < n if and only if
1 <a’ <n/m. Hence

B, ={x':1<2" <n/mand (z',n/m) =1}

has the same number of elements as B,,,. Note now that the number of elements of B}, is exactly ¢(n/m).

Since every element of the set {1,2,...,n} falls into exactly one of the subsets B;,, we must have
n
n= Y o(2) = X o).

This completes the proof. ()

Applying the Mo6bius inversion formula to the conclusion of Theorem 2Q, we obtain immediately
the following result.

THEOREM 2R. For every number n € N, we have

o) = 3 ulm) ™ = n 3 ),

THEOREM 2S. The Euler function ¢ : N — C is multiplicative.

PROOF. Since the Mobius function p is multiplicative, it follows that the function f : N — C, defined
by f(n) = u(n)/n for every n € N, is multiplicative. The result now follows from Theorem 2A. ()

THEOREM 2T. Suppose thatn € N and n > 1, with canonical decomposition n = pi*...pt . Then

¢(n) = nlfll (1 - > - ﬁp}”_l(pj - 1).

j=1

1
bj

PRrROOF. The second equality is trivial. On the other hand, for every prime p and every u € N, we have
by Theorem 2R that

o) _ o mm) o opp) 1
pv _Z m =1+ p ! p.

m|p®

The result now follows since ¢ is multiplicative. ()
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We now study the magnitude of ¢(n) as n — co. Clearly ¢(1) =1 and ¢(n) <n if n > 1.

Suppose first of all that n has many different prime factors. Then n must have many different
divisors, and so o(n) must be large relative to n. But then many of the numbers 1,...,n cannot be
coprime to n, and so ¢(n) must be small relative to n. On the other hand, suppose that n has very few
prime factors. Then n must have very few divisors, and so o(n) must be small relative to n. But then
many of the numbers 1,...,n are coprime to n, and so ¢(n) must be large relative to n. It therefore
appears that if one of the two values o(n) and ¢(n) is large relative to n, then the other must be small

relative to n. Indeed, our heuristics are upheld by the following result.
THEOREM 2U. For every n € N, we have

L amotn)

PROOF. The result is obvious if n = 1, so suppose that n > 1. Let n = p}*..

decomposition of n. Recall Theorems 2B and 2T. We have

r p@jJrl 1 1 _p_*ujfl
J(n):H],_l :TLH 1 jfl
=1 P j=1 TPy
and
¢(n) =n][1-p;")
j=1
Hence

a(n)¢(n) _ 1 —uy—1
—r = Ha-r".
j=1
The upper bound follows at once. On the other hand,

[Ta-p=[la-r>z=]] (1_%) il

j=1 pln m=2
as required. ()
Combining Theorems 2J and 2U, we have the following result.
THEOREM 2V. We have ¢(n) > n/logn as n — oo.
We now consider some average version of the Euler function.

THEOREM 2W. (MERTENS) As X — oo, we have

> bn) = %)ﬂ + O(X log X).
n<X

.py" be the canonical
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PrOOF. As X — oo, we have, by Theorem 2R, that

Sosn) =3 D um)= =3 pm) Yo S =3 um) Y

n<X n<X m|n m<X n<X m<X r<X/m
m|n
1[X X 1 X 2
m<X m<X
X2 w(m) 1
2 mz © m) © Z
m<X m<X m<X
X2 o~ p(m) 2 1
:72 O X —5 | +0(Xlog X)
m=1 m>X
X2 X p(m
:72 7512)+O(X10gX)

It remains to show that

m=1

But

() () = | 3 o | =32 () -
= m= ’ nm=k

in view of Theorem 2M. O

2.5. Dirichlet Convolution

We shall denote the class of all arithmetic functions by A, and the class of all multiplicative functions

by M.

Given arithmetic functions f, g € A, we define the function f * g : N — C by writing

(Fx9)m) =Y fm) g(=)
m|n

for every n € N. This function is called the Dirichlet convolution of f and g.

It is not difficult to show that Dirichlet convolution of arithmetic functions is commutative and
associative. In other words, for every f,g,h € A, we have

fxg=gxf and (fxg)xh=fx(gxh).

Furthermore, the arithmetic function I : N — C, defined by I(1) = 1 and I(n) = 0 for every n € N
satisfying n > 1, is an identity element for Dirichlet convolution. It is easy to check that I« f = fxI = f
for every f € A.

On the other hand, an inverse may not exist under Dirichlet convolution. Consider, for example,
the function f € A satisfying f(n) = 0 for every n € N.
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THEOREM 2X. For any f € A, the following two statements are equivalent:
(i) We have f(1) # 0.
(ii) There ezists a unique g € A such that fxg=gx* f=1.

PROOF. Suppose that (ii) holds. Then f(1)g(1) = 1, so that f(1) # 0. Conversely, suppose that
f(1) # 0. We shall define g € A iteratively by writing

(5) o(1) = ﬁ
and
1 n
(6) 9 = 715 ; f@g(%)
d>1

for every n € N satisfying n > 1. It is easy to check that this gives an inverse. Moreover, every inverse
must satisfy (5) and (6), and so the inverse must be unique. O

We now describe Theorem 2M and Mobius inversion in terms of Dirichlet convolution. Recall that
the function U € A is defined by U(n) =1 for all n € N.

THEOREM 2Y.

(i) We have uxU = 1.

(i) If fe Aand g= f+U, then f = g * p.

(ii) If g€ A and [ = g*u, then g= f*U.

PROOF. (i) follows from Theorem 2M. To prove (ii), note that
grp=(f+U)sp=fxUxp)=[f*I=f

To prove (iii), note that
[U=(gxp)«U=gx(uxU)=gxI=g.

This completes the proof of Theorem 2Y. ()

We conclude this chapter by exhibiting some group structure within A and M.

THEOREM 2Z. The sets A’ ={f € A: f(1) # 0} and M" = {f € M : f(1) = 1} form abelian
groups under Dirichlet convolution.

REMARK. Note that if f € M is not identically zero, then f(n) # 0 for some n € N. Clearly we have
f(n) = f(1)f(n), and so f(1) = 1.

PROOF OF THEOREM 2Z. For A’, this is now trivial. We now consider M’. Clearly I € M’. If
fyg € M' and (m,n) = 1, then it follows from Theorem 1D that

et = 3 o) = 3 5 s

dlmn di|m dz|n

_ Zf(dgg(d—””l‘) Zf(dz)g<d%> — (f+g)(m)(f * 9)(m),

d]\’m dz‘n
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so that fxg € M. Since (f x g)(1) = f(1)g(1) # 0, we have f x g € M’. Tt remains to show that if
f € M, then f has an inverse in M’. Clearly f has an inverse in A’ under Dirichlet convolution. Let
this inverse be h. We now define g € A by writing ¢g(1) = 1,

for every prime p and k£ € N, and

gn) = 1] 9"

pFln

for every n > 1. Then g € M’. Furthermore, for every integer n > 1, we have

(fxg)n) =[] (f*9)@") = T[] (f=n)@") = [] 10" = 1(n),

pFln pFn p*ln

so that g is an inverse of f. O

PROBLEMS FOR CHAPTER 2
1. Prove that d(n) < d(2™ — 1) for every n € N.
2. Suppose that n € N is composite. Prove that o(n) > n + /n.

3. Prove that d(n) is odd if and only if n € N is a square.

4. Prove that H m = n2%" for every n € N.

m|n

5. Suppose that n € N. Show that the number IV of solutions of the equation 22 — y? = n in natural
numbers x and y satisfies

d(n) — ey, if n is an odd number,
2N =<0 if n is twice an odd number,
d(n/4) —e, if4d|n,

where e, = 1 if n is a perfect square, and e,, = 0 otherwise.

6. Prove that there are no squarefree perfect numbers apart from 6.

1
7. Prove that Z — = 2 for every perfect number n € N.
m

m|n

8. Prove that every odd perfect number must have at least two distinct prime factors, exactly one of
which has odd exponent.

9. Suppose that a € N satisfy a > 1. Let d run over all the divisors of a that have no more than m
prime divisors. Prove that

Z (d) >0 if m is even,
H <0 if mis odd.

[HINT: Write down first the canonical decomposition of a.]
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10. Suppose that k € N is even, and the canonical decomposition of a € N is of the form a = p1ps ... p,
where p1,pa, ..., pr are distinct primes. Let d run over all the divisors of a such that 0 < d < /a.
Prove that > u(d) = 0.

11. Prove that Z u(d) = p*(n) for every n € N.
d?|n

[HINT: Distinguish between the cases when n is squarefree and when n is not squarefree.]

12. By first showing that the function f(n) = (—1)"~! is multiplicative, evaluate the sum

h(n) = Z(—l)mflu(%) for every n € N.

13. Explain why Z,u(m) a(ﬁ) =n for every n € N.
m

m|n
n
14. Prove that Z m = n¢2(n) for every n € N.
m=1

(m,n)=1
15. Suppose that n € N satisfies ¢(n) | n. Prove that n = 223° for some non-negative integers a and b.
16. Suppose that p1,pa,...,pr € N are distinct primes, and that there are no other primes.
(i) Let a = p1p2 ... pk. Explain why we must have ¢(a) = 1.
(ii) Obtain a contradiction.
[REMARK: This is yet another proof that there are infinitely many primes.]

17. Prove that o(n) + ¢(n) = nd(n) if and only if n € N is prime.

18. Suppose that n = p}*...pY%", where p; < ... < p, are primes and w1, ...,u, € N.
pPp 1 i

(i) Write
s(n) = Z m?.
m=1
(m,n)=1
Prove that

2 s(d nn+1)2n+1
nlz%: ENLES)
d|n

(ii) Apply the Mdbius inversion formula to deduce that

Z m? = %qﬁ(n)rﬂ + %(—l)rqﬁ(n)pl . Dr

m=1

(m,n)=1

19. For every n € N, let Q(n) denote the number of squarefree numbers not exceeding n.
(i) Prove that n — Q(n) < g + mZ:1 m, and deduce that Q(n) > n/2.

(ii) Hence show that every natural number is a sum of two squarefree numbers.
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20. An arithmetic function f : N — C is said to be completely multiplicative if f is not identically zero
and f(mn) = f(m)f(n) for all m,n € N.
(i) Show that the Mobius function p is not completely multiplicative.

(ii) Show that the Euler function ¢ is not completely multiplicative.

(iii) Suppose that f: N — C is multiplicative. Show that f is completely multiplicative if and only
if its Dirichlet inverse f~! satisfies f~!(n) = p(n)f(n) for all n € N.

(iv) Prove that the Liouville function A : N — C, defined by A(1) = 1 and A\(n) = (—1)wFFur jf
n = pi*...pt", is completely multiplicative. Prove also that for every n € N,

|1 if nis asquare,
Z Alm) = { 0 otherwise,
m|n

and A7 (n) = |p(n)].

21. Suppose that F : Rt — C, where R denotes the set of all positive real numbers. For any real
number X > 1, let

Prove that

22. Suppose that G : Rt — C. For any real number X > 1, let

Prove that

23. Prove that each of the following identities is valid for every real number X > 1:

() Y o) =5 3 uin) [%] .
n<X n<X
n n) [ X

24. Suppose that the function F' : RT — C satisfies F/(X) = 0 whenever 0 < X < 1. For any arithmetic
function «, we define the function avo F': R* — C by writing
X
(o F)(X) = Za(n)F — for every X € RT.

n
n<X

(i) Prove that for any arithmetic functions « and (3, we have ao (o F) = (a* ) o F.
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(ii) Suppose that the arithmetic function a has inverse a~! under Dirichlet convolution. Prove

that if

X
GX)= E a(n) F(—) for every real number X € RT,
n

n<X

then

F(X) = Z a~l(n) G<£> for every real number X € RT.

n
n<X
[HINT: Note that the identity function I under Dirichlet convolution satisfies I o F' = F.]

[REMARK: If o is completely multiplicative, then a~!(n) = u(n)a(n) for every n € N by
Problem 20(iii). Hence

GX)=>_ a(n)F(§> if and only if  F(X)

I
=
S
2
2
@Q
R
3 |
~

n
n<X n<X
This is a generalization of Problems 21 and 22.]
25. For every n € N, let f(n Z Z
m|n
(i) Prove that f(n) = n/¢(n) for every n € N.
1
(ii) Deduce that for every real number X > 1, we have Z ¢ ; m) t<X/ 7

l
(iii) Show that the series Z e (m) and Z N og both converge.

12
(iv) Deduce that as X — oo, we have Z p ~ Clog X, where C = Z (m)

o(m)

( ) me(m)’

m=1

26. Consider a square lattice consisting of all points (a, b), where a,b € Z. Two lattice points P and Q
are said to be mutually visible if the line segment which joins them contains no lattice points other
than the endpoints P and Q.

(i) Prove that (a,b) and (0,0) are mutually visible if and only if a and b are relatively prime.
(i) We shall prove that the set of lattice points visible from the origin has density 6/72. Consider

a large square region on the xy-plane defined by the inequalities |z| < r and |y| < r. Let N(r)
denote the number of lattice points in this square, and let N'(r) denote the number of these
which are visible from the origin. The eight lattice points nearest the origin are all visible from
the origin. By symmetry, N'(r) is equal to 8 plus 8 times the number of visible points in the
region {(x,y) : 2 <z <rand 1 <y < z}. Prove that

'(r) =8> ¢(n)
n=1

Obtain an asymptotic formula for N(r), and show that

N'(r) 6
— —  as T — o0.

N(r) w2




